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Multizone Chimera Algorithm for Solving
the Full-Potential Equation

Terry L. Holst*
NASA Ames Research Center, Moffett Field, California 94035

A numerical scheme utilizing a chimera zonal grid approach for solving the three-dimensional full-
potential equation is described. Within each grid zone a new approximate factorization scheme based on
the approximation factorization scheme 2 algorithm is utilized to advance the solution one iteration. This
is followed by the explicit advance of all common zonal grid boundaries using trilinear interpolation of
the velocity potential. Two spatial discretization variations are presented; one using a hybrid � rst-order/
second-order-accurate scheme and the second using a fully second-order-accurate scheme. The presen-
tation is highlighted with a grid re� nement study and a number of transonic wing � ow� eld computations.

Introduction

T HE long-term objective of this research is to develop a
chimera-based full-potential � ow solver that will be com-

patible with the well-established OVERFLOW Euler/
Navier­ Stokes chimera approach.1,2 Thus, the user will have
an option of which � ow solver to use in the chimera-based
zonal grid approach: full potential, Euler, or Navier­ Stokes.
The full potential option will not be applicable for all appli-
cations, but for those that are applicable, the execution time
should be up to two orders of magnitude less than for the
Navier­ Stokes formulation. Indeed, a chimera-based full-po-
tential solver should have modest execution times on even
moderate-speed workstations. In a parametric study the bulk
of the required computations could utilize the full-potential
approach and then a few selected conditions could be checked
with a more complete and, thus, more accurate Euler or
Navier­ Stokes simulation. Such an approach would be ex-
tremely cost effective, especially considering that all of these
approaches would uti-
lize the same problem setup and postprocessing software and
to a large extent the same grid generation software. Applica-
tions of this new approach are quite numerous and include
providing a fast mechanism for assessing wind-tunnel wall and
support interference effects associated with wind-tunnel test-
ing, or it could be used directly in the industrial preliminary
design environment.

Governing Equation Formulation
The steady, three-dimensional, full-potential equation writ-

ten in strong conservation-law form in the computational do-
main is given by

(rU/J ) 1 (rV/J ) 1 (rW/J ) = 0 (1a)j h z

1/(g2 1)r = {1 2 [(g 2 1)/(g 1 1)](Uf 1 Vf 1 Wf )}j h z

(1b)
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where

U = A f 1 A f 1 A f1 j 4 h 5 z

V = A f 1 A f 1 A f4 j 2 h 6 z

W = A f 1 A f 1 A f5 j 6 h 3 z

2 2 2A = =j ?=j = j 1 j 1 j1 x y z

2 2 2A = =h ?=h = h 1 h 1 h2 x y z

2 2 2A = =z ?=z = z 1 z 1 z3 x y z

A = =j ?=h = j h 1 j h 1 j h4 x x y y z z

A = =j ?=z = j z 1 j z 1 j z5 x x y y z z

A = =h ?=z = h z 1 h z 1 h z6 x x y y z z

J = j h z 1 j h z 1 j h z 2 j h z 2 j h z 2 j h zx y z y z x z x y z y x y x z x z y

2 1= (x y z 1 x y z 1 x y z 2 x y z 2 x y z 2 x y z )j h z h z j z j h j z h h j z z h j

In the preceding equations, f is the full or exact velocity
potential; r is the � uid density; j, h, and z are computational
domain coordinates; g is the ratio of speci� c heats; U, V, and
W are the contravariant velocity components along j, h, and
z, respectively; A1­ A6 are metric quantities; and J is the de-
terminant of the transformation Jacobian. In Eqs. (1) the den-
sity and all velocity components are nondimensionalized by
the stagnation density and the critical speed of sound, respec-
tively. To complete the preceding system, freestream or � ow
tangency boundary conditions are utilized along all bounda-
ries. This full-potential governing equation formulation can be
used for general geometries in which the aerodynamic surface
of interest is mapped to a constant coordinate surface in the
computational domain. This makes the � ow-tangency bound-
ary condition easy and accurate to implement. For a more com-
plete description of these transformed equations see Refs. 3
and 4.

Equations (1) express mass conservation for � ows that are
isentropic and irrotational. Despite these limiting assumptions,
the full-potential formulation can be used to capture shock
waves, providing they are weak. The full-potential shock-jump
conditions are valid approximations to the Euler shock-jump
conditions providing the normal component of the Mach num-
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ber just upstream of any captured shock wave is below about
1.3. This is well within the scope of many transonic � ow ap-
plications and includes the cruise conditions for most transonic
transport aircraft. More discussion on this point including a
comparison of the Euler and isentropic full-potential shock po-
lars is presented in Ref. 5.

Numerical Approach
Spatial Differencing Scheme

A spatial differencing approximation to the full-potential
equation suitable for both subsonic and supersonic regions of
� ow is given by

¬ ¬ ¬r̃U rV rW
d 1 d 1 d = 0 (2)j h zS D S D S DJ J Ji1 1/2, j,k i, j11/2,k i, j,k1 1/2

where j, h, and z are standard backward-difference opera-
¬ ¬ ¬

d d d
tors in the three coordinate directions; and is a special densityr̃
coef� cient that will be de� ned in the upcoming text. The i, j,
and k subscripts in Eq. (2) are used to denote position in the
� nite difference grid along the j, h, and z coordinate direc-
tions, respectively. In Eq. (2) r, J, U, V, and W are all eval-
uated using the second-order-accurate, freestream-preserving
spatial-differencing scheme described by Flores et al.6 and
Thomas and Holst.7 This scheme produces a zero residual for
each interior grid cell with a freestream distribution of the
velocity potential and generally produces improved accuracy,
particularly near grid singularities or in regions of rapid grid
stretching. At supersonic points the spatial discretization
scheme just presented must be upwind biased to maintain sta-
ble operation. This is accomplished with the density coef� cient

, which has two options. (The two supersonic spatialr̃i11/2, j,k

differencing options represented herein are valid for supersonic
� ows that are approximately aligned with the positive j-co-
ordinate direction. In practice, even for C­ H topology wing
grids involving large amounts of sweep, this type of super-
sonic upwinding is suitable. It is the only type of supersonic
� ow stabilization used in the present study. Nevertheless, gen-
eralization of the present scheme for arbitrary orientations
of a curvilinear coordinate system is easy to accomplish. See
Refs. 2 and 3 for examples involving a generalized form of
the � rst-order density upwinding option.). The � rst option is
given by

r̃ = r 2 n (r 2 r ) (3)i1 1/2, j,k i1 1/2, j,k i11/2, j,k i1 1/2, j,k i21/2, j,k

where

2.46625(2r* 2 r 2 r )C if r # r*i1 1/2, j,k i2 1/2, j,k i, j,kn =i11/2, j,k H 0 if r > r*i, j,k

(4)

The quantity r* is a constant equal to the sonic value of the
density, which for g = 1.4, is 0.6339382 . . . . The quantity C
is a user-speci� ed coef� cient (set to 0.9 for all results pre-
sented herein); and is a switching parameter that con-ni11/2, j,k

trols the amount of upwinding in the numerical scheme. Equa-
tion (4) is designed such that the value of will be zeroni1 1/2, j,k

at all subsonic grid points, i.e., a second-order-accurate, cen-
trally differenced scheme is retained for subsonic regions of
� ow, and larger than zero at all supersonic grid points, i.e., a
� rst-order-accurate upwind scheme is utilized for supersonic
regions of � ow. The supersonic branch of Eq. (4) approximates

and, thus, the amount of upwinding increases2(M 2 1)Ci, j,k

dramatically as the extent of supersonic � ow increases. To
keep the value of bounded by and ,r̃ r ri1 1/2, j,k i11/2,j,k i21/2, j,k

the value of is constrained to be less than or equal toni1 1/2, j,k

one.
The second option for de� ning the density coef� cient

(inspired by Kinney et al.8 and Jameson9), is given˜(r )i11/2, j,k

by

r̃ = r 2 n [r 2 ri1 1/2, j,k i1 1/2, j,k i11/2, j,k i1 1/2, j,k i21/2, j,k

2 C (r 2 r )] (5)i1 1/2, j,k i21/2, j,k i2 3/2, j,k

where the solution limiter C is de� ned by

1 2 C D if r $ 02 i11/2, j,kC = (6)i1 1/2, j,k H 0 if r < 0i11/2, j,k

and is the ratio of successive density gradients de� nedri11/2, j,k

by

r 2 ri11/2,j,k i2 1/2, j,k
r = (7)i1 1/2, j,k

r 2 ri21/2,j,k i2 3/2, j,k

In Eq. (6) the quantity C2 is a constant (set to 1.0 in the
present study), and D is the average i-direction grid spacing
on the upper wing surface normalized by chord. To improve
stability, the limiter function is decreased in magnitude with
increasing distance away from the wing surface using a func-
tion of the form

2(k2 1)C = C (C ) (8)i1 1/2, j,k i11/2, j,1 3

where C3 is a constant (set to 1.08 in the present study) and k
= 1 de� nes the wing surface. The resulting scheme retains
second-order accuracy at the wing surface while allowing in-
creased stability associated with increased dissipation away
from the wing surface. At subsonic grid points, the second
option ( just like the � rst) produces a zero value of ,ni11/2, j,k

leading to a second-order, centrally differenced scheme. At
most supersonic points r > 0. The resulting spatial-difference
scheme will be upwind-biased and second-order accurate. At
a supersonic point, which is a local extrema, r < 0. This pro-
duces a zero limiter function, which in turn produces the orig-
inal � rst-order density upwinding option.

The lead truncation error term generated by the � rst density
upwinding option at supersonic grid points can be approxi-
mately written as

Dj(nr f )j j j

This expression is characteristically dissipative and leads to a
� rst-order-accurate scheme. Larger values of this term,
achieved by increasing the value of C in Eq. (10), will produce
increased smearing of the solution in supersonic regions of
� ow.

The lead truncation error term generated by the second den-
sity upwinding option at supersonic grid points can be ap-
proximately written as

2Dj (nr f ) 1 DjC D(nr f )jj j j 2 j j j

The � rst term is characteristically dispersive, and the sec-
ond term is characteristically dissipative. However, providing
C2D approaches zero as Dj approaches zero, both terms are
second-order terms and the resulting scheme is second-order
accurate.

Boundary Conditions

Flow tangency and symmetry plane boundary conditions re-
quire that the velocity component normal to the applicable
boundary must vanish. For a general nonorthogonal mapping,
the general condition for � ow tangency requires the appropri-
ate nontangential contravariant velocity component to be zero.
This is implemented in the present study using a mass-� ux
re� ection condition. For lifting computations involving the
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full-potential formulation, circulation is accommodated with
the usual wake cut emanating downstream of the wing trailing
edge. The amount of lift or circulation is equal to the jump in
velocity potential across the vortex sheet. The jump or discon-
tinuity in velocity potential as well as the double-stored char-
acteristic of the vortex sheet must be accounted for in the
residual mass � ux and density computational logic described
earlier. See Refs. 3 and 4 for details on boundary condition
implementation.

Iteration Scheme

The iteration scheme utilized in the present study is called
the AF2 scheme and was � rst introduced by Ballhaus and
Steger10 in 1975 for solving the transonic small-disturbance
potential equation for two-dimensional applications. [The
name AF2 (short for approximate factorization scheme 2) was
given to this scheme in Ref. 10 because it was the second
scheme presented in that study.] The present implementation
is closely related to the AF2 scheme described in Holst and
Thomas,4 which was designed for solving the three-dimen-
sional full-potential equation for isolated wing applications us-
ing an O­ H grid topology. The present algorithm is also de-
signed for solving isolated wing applications, but uses a C­ H
grid topology. The present implementation’s C-type grid to-
pology is more amenable to boundary-layer correction imple-
mentation and is a major motivation for the present modi� -
cation. More on the differences of the AF2 scheme in Refs. 3
and 4 and the present version will be presented when the actual
scheme is discussed.

A general iteration scheme for solving the full-potential
equation can be expressed as

n nNC 1 vLf = 0 (9)i,j,k i, j,k

where the n superscript is an iteration index; is the nthnLf i, j,k

iteration residual at i, j, and k [de� ned by Eq. (2)]; v is a
relaxation parameter; 2 is the correction atn n1 1 nC (=f f )i, j,k i, j,k i, j,k

i, j, k; and N is the left-hand side (LHS) operator that deter-
mines the type of iteration scheme. The AF2 iteration scheme
used in the present formulation (one of two variations) can be
speci� ed using the following de� nition for N:

® ® ¬ ® ¬
2 n 2 21 na NC = 2(a 2 d R )[(a 2 d S d )(a 2 d T d ) 2 a E ]Ci,j,k j i h j h z k z j i,j,k

(10)

where a is an acceleration parameter (to be discussed shortly);
, , and are standard forward-difference operators;

® ® ®
2 1d d d Ej h z j

is a shift operator de� ned by = ; and Ri, Sj,
21 n nE (p ) (p )j i, j,k i21, j,k

and Tk are coef� cients de� ned by

n n n

r̃A rA rA1 2 3
R = , S = , T =i j kS D S D S DJ J Ji2 1/2, j,k i, j2 1/2,k i, j,k2 1/2

(11)

A standard von Neumann stability analysis of the AF2
scheme yields a stable result providing a > 0 and 0 # v #
2. The quantity a behaves like the inverse of a time step in a
typical time-dependent iteration (even though the present
scheme is not time accurate). This implies that the linearized
AF2 scheme is stable for any positive time step and, hence, is
said to have unconditional linear stability.

The fact that a behaves like the inverse of the time step
means that small values of a (large time steps) advance the
solution rapidly and often cause (nonlinear) high-frequency er-
ror growth. Large values of a (small time steps) advance the
solution slowly and provide solution smoothing, particularly
for the high-frequency error components. Thus, a sequence of

values for a produces optimal steady-state convergence and
can be obtained using

(k21)/(M2 1)

aL
a = a k = 1, 2, . . . , M (12)k H S DaH

where aL and aH are low- and high-frequency limits, respec-
tively; and M is the number of elements used in the sequence
(see Refs. 3, 4, and 11 for more details and a variety of ap-
plications).

The AF2 factorization given by Eq. (10) is implemented in
a three-sweep format, each involving a set of banded, scalar
matrix inversions. These sweeps are given by

Sweep 1:

®
n 2 n(a 2 d R ) f = a vLf (13a)j i i, j,k i, j,k

Sweep 2:

® ¬
n n 2 n(a 2 d S d )g = f 1 a C (13b)h j h j,k i, j,k i2 1, j,k

Sweep 3:

® ¬
n n(a 2 d T d )C = g (13c)z k z i, j,k j,k

In sweep 1, the f array is obtained from the residual by
solving a simple bidiagonal matrix equation for each j line.
The g array is then obtained from the f array by solving a
tridiagonal matrix equation for each h line. Finally, the cor-
rection array is obtained in the third sweep from the g array
by solving a tridiagonal matrix equation for each z line. Note
that sweeps 2 and 3 can be performed together, i.e., immedi-
ately after the g values for the ith computational plane are
obtained from sweep 2, values for the correction array can be
obtained for the same ith computational plane from sweep 3.
Thus, the g intermediate result array needs to be only two
dimensional.

As shown in Eq. (10), the LHS difference operator in the z
direction (the C-grid wraparound direction in the present im-
plementation) has been split between the � rst and second fac-
tors. This operator splitting is a telltale characteristic of the
AF2 scheme. However, the operator splitting does not have to
be in the � rst factor; any of the factors can be split. For ex-
ample, the AF2 scheme of Ref. 4 splits the z direction factor.
Like the present approach, the Ref. 4 implementation uses the
j direction as the wraparound direction, h is spanwise, and z
is in the wing normal-like direction. However, unlike the pres-
ent implementation, the Ref. 4 approach used an O­ H grid
topology.

Implementation of the AF2 scheme (like all implicit schemes)
requires matrix boundary conditions for each sweep. In particular,
six of these matrix conditions are required in the present imple-
mentation and are enumerated as follows: 1) f at i = NI, 2) C at
i = 1, 3) g at j = 1, 4) g at j = NJ, 5) C at k = 1, and 6) C at k
= NK (where NI, NJ, and NK are the maximum index values for
i, j, and k, respectively). The third and fourth of these conditions
are associated with sweep 2 and are satis� ed using a standard
Dirchlet condition if the boundary is freestream, or they are sat-
is� ed with a standard Neumann condition if the boundary in-
volves � ow symmetry or � ow tangency. The � fth and sixth con-
ditions are associated with sweep 3 and likewise, are satis� ed
using a Dirchlet or Neumann condition. The � rst and second
conditions are nonstandard, resulting from the special AF2 LHS
operator splitting and are discussed next.

First, in sweep 1, a value of f at i = NI is required for each
value of j and k. A simple technique to satisfy this condition
is given by

®
nd R f = 0j i NI2 1, j,k
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This condition works, but a stability limitation at the i = NI
boundary results, which is of the form12

a $ R vi

where Ri is de� ned by Eq. (11), and v is the relaxation factor
from Eq. (9). Thus, there is a limit on the size of a, which
can have a dramatic effect on convergence (even if the limi-
tation exists only at i = NI ). The key aspect of this stability
limit is a contribution inside R i equal to =j ?=j /J, which be-
haves like a grid-cell aspect ratio (boundary tangential spacing
over boundary normal spacing). If Ri >> 1 the restricted value
of a that behaves like the time-step inverse will slow conver-
gence. If Ri << 1 [or at most R i ’ 2(1)] the restriction is small
and ef� cient convergence is maintained. In the present ap-
proach the AF2 scheme [as presented in Eq. (13)] is con� gured
such that this approximate matrix boundary condition is im-
plemented at the downstream out� ow boundary (i = NI ),
where Ri is generally quite small.

In the Ref. 4 AF2 implementation with the wing normal-
like z operator split, the boundary stability limitation described
earlier exists at the wing surface. For the O-type grid in use
for the Ref. 4 application, in which the cell aspect ratio is 2(1)
all around the inner boundary, this stability limitation has a
minor consequence. However, direct application of the Ref. 4
AF2 scheme on C-type grids would be very inef� cient because
the cell aspect ratio for the inner boundary of a C-grid becomes
quite large downstream of the wing trailing edge along the
wake cut and, thus, the restriction on a would be quite large.
The present AF2 implementation represents a signi� cant im-
provement over the Ref. 4 AF2 implementation for C-grid ap-
plications.

The second special boundary condition for the LHS is as-
sociated with sweep 2. A value for the correction at i = 1 is
required. If i = 1 represents an outer freestream boundary, then
this condition is succinctly satis� ed without loss of stability
using C = 0, i.e., the solution is required to be freestream along
the i = 1 boundary with zero corrections for all iterations. For
the present C-grid AF2 implementation this condition is sat-
is� ed along a surface of grid points emanating from the wing
leading edge exactly dividing the C-grid topology into two
halves. The intermediate condition on the correction at this
location involves a local iteration to ensure implicitness and
will be discussed in the upcoming text.

Some comments about the AF2 scheme given by Eq. (10)
are in order. First of all, the role played by each of the terms
in this factorization can be understood more clearly by mul-
tiplying out each of the factors, which after simpli� cation
yields

® ¬ ® ¬ ® ¬
2 n 2 na NC ’ a (d R d 1 d S d 1 d T d )Ci, j,k j i j h j h z k z i, j,k

¬
3 n2 a d C 1 FET (14)j i, j,k

The � rst three terms are an approximation to the residual de-
� ned by Eq. (2), the fourth term is a fjt-like term that provides
time-like dissipation to the iteration process in supersonic
regions of � ow, and the set of terms indicated by FET are
factorization error terms that are driven to zero as the iteration
converges. Existence of the fjt term in the AF2 factorization
is the chief reason that the AF2 scheme enjoys a convergence
ef� ciency advantage over more traditional alternating direction
implicit-type algorithms for solving the full-potential equation
for transonic � ows with shock waves.13 This term provides
favorable time-like dissipation in supersonic regions of � ow
providing the j coordinate is approximately aligned with the
local streamwise direction s and providing the backward dif-
ference corresponds to an upwind difference. In other words,
the fjt term must approximate an upwind-evaluated fst term
in supersonic regions of the � ow. See Jameson14 for more in-
formation on this point.

The fjt term arising from the Eq. (10) factorization is a
direct result of having the j-direction factor split between
sweeps 1 and 2. In contrast, the Ref. 4 AF2 scheme had the
z-direction difference split between these two sweeps. Thus,
the fjt term (or equivalently the fst term) required for a con-
vergent iteration in the Ref. 4 AF2 scheme had to be added as
an extra term to the appropriate LHS factor when the � ow
became supersonic.

In summary, the present scheme’s j-direction operator split-
ting is more ef� cient for two reasons. First, it requires fewer
operations because no additional time-like dissipation terms
have to be added in the j direction. Second and most impor-
tant, the boundary stability limitation resulting from the AF2
operator splitting is effectively removed. The present AF2 fac-
torization with a j-direction splitting, represents a signi� cant
improvement over past AF2 approaches for solving the full-
potential equation on C-topology grids.

Because of the inherent direction on the fjt term-differenc-
ing operator, i.e., always backwards, the AF2 scheme given by
Eq. (10) is suitable in supersonic regions of � ow only when
the positive j direction and the � ow direction are approxi-
mately aligned. For supersonic regions of � ow where the neg-
ative j direction is approximately aligned with the � ow direc-
tion, i.e., below the wing, the AF2 scheme given by

¬ ® ¬ ® ¬
2 na NC = 2(a 1 d R )[(a 2 d S d )(a 2 d T d )i, j,k j i1 1 h j h z k z

2 1 1 n2 a E ]C (15)j i, j,k

is an appropriate alternative. Note that the only changes be-
tween Eqs. (15) and (10) are in the � rst factor and in the sign
of the shift operator superscript. When the factors of Eq. (15)
are multiplied out the resulting expression for the N operator
is given by

® ¬ ® ¬ ® ¬
2 n 2 na NC ’ a (d R d 1 d S d 1 d T d )Ci, j,k j i j h j h z k z i, j,k

®
3 n1 a d C 1 FET (16)j i,j,k

Thus, the same level of approximation to the residual operator
is obtained. The only signi� cant difference is in the direction
and sign of the fjt term, which is now upwind (as desired) for
all regions of � ow in which the negative j coordinate is
aligned with the positive � ow direction.

The AF2 factorization of Eq. (10) is appropriate (for ex-
ample) for solving the transonic � ow on the upper surface of
a wing using a C- or O-type grid topology, and the factoriza-
tion given by Eq. (15) is appropriate for the lower surface.
This assumes the grid lines are wrapped in a clockwise
direction with the � ow from left to right. The two schemes
need only be connected to each other to allow for general
wing (or for that matter, any lifting surface) computations. This
is accomplished using the following algorithm written in a
three-step format, which is intended for C-type grid topology
applications about isolated wing geometries. The i subscript
is assumed to be in the wraparound direction, j is assumed to
be spanwise, and k is assumed to be in the normal-like direc-
tion. Each of the indicated operations is to be performed for
all values of j and k, but only for the values of i that are
indicated.

Step 1 (sweep 1):

®
u 2 n(a 2 d R ) f = a vLfj i i, j,k i, j,k

i = NI 2 1, NI 2 2, . . . , ILE
¬

l 2 n(a 1 d R ) f = a vLf i = 2, 3, . . . , ILEj i11 i, j,k i, j,k (17a)
n uf = f i = NI 2 1, NI 2 2, . . . , ILE 2 1i, j,k i, j,k

n lf = f i = 2, 3, . . . , ILE 2 1i, j,k i, j,k

n u l1f = ­ ( f 1 f ) i = ILEi, j,k i, j,k i, j,k2
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Step 2 (sweep 2/3 leading-edge iteration, m = 1, 2, . . . ,
MAXIT ):

(a 2 = 1
® ¬

u,m n 2 n,m2 1d S d )g f a Ch j h j,k i,j,k i21, j,k

(a 2 = 1
® ¬

l,m n 2 n,m21d S d )g f a Ch j h j,k i, j,k i1 1, j,k

(a 2 =
® ¬

u,m u,md T d )C gz k z i, j,k j,k

(a 2
® ¬

l,m l,md T d )C = gz k z i, j,k j,k

= 1n,m 1 u,m l,m­C (C C )i,j,k 2 i, j,k i, j,k

J
i = ILE

=n n,mC Ci,j,k i, j,k

= 1n11 n nf f Ci,j,k i, j,k i, j,k
J

i = ILE if m = MAXIT
(17b)

(a 2 = 1
® ¬

u,m n 2 n,md S d )g f a Ch j h j,k i, j,k i21, j,k

(a 2 =
® ¬

m,m u,md T d )C gz k z i, j,k j,k
J

i = ILE 1 1

(a 2 = 1
® ¬

l,m n 2 n,md S d )g f a Ch j h j,m i, j,k i1 1, j,k

(a 2 =
® ¬

n,m l,md T d )C gz k z i, j,k j,k
J

i = ILE 2 1

=n n,mC Ci,j,k i, j,k

= 1n11 n nf f Ci, j,k i, j,k i, j,k
J

i = ILE 1 1, ILE 2 1 if m = MAXIT

Step 3 (sweep 2/3 downstream of the leading edge):

= 1
® ¬

u n 2 n(a 2 d S d )g f a Ch j h j,k i, j,k i2 1, j,k

(a 2
® ¬

n ud T d )C = gz k z i, j,k j,k

=n11 n nf f 1 Ci,j,k i,j,k i, j,k

J
i = ILE 1 2, ILE 1 3, . . . , NI 2 1

(17c)
(a 2 1

® ¬
l n 2 nd S d )g = f a Ch j h j,k i, j,k i1 1, j,k

(a 2 =
® ¬

n ld T d )C gz k z i, j,k j,k

= 1n11 n nf f Ci,j,k i,j,k i, j,k

J
i = ILE 2 2, ILE 2 3, . . . , 2

where i = ILE corresponds to the wing leading edge; the su-
perscripts u and l denote upper- and lower-wing-surface val-
ues; and the superscript m is an index for the local iteration
used to obtain the nth level solution at i = ILE, ILE 6 1. The
initial values of the correction at the leading edge used in the
local iteration are simply assumed to be zero, i.e.,

n,0C = 0ILE, j,k

The quantity MAXIT is the maximum number of iterations
used for the local leading-edge iteration. A value of 20 is typ-
ically used. Use of larger values will not improve the global
convergence rate.

In step 1 [Eq. (17a)], the f array is obtained by solving
a simple bidiagonal matrix equation for each j line. The
upper and lower surface computations are completely
independent of each other. The two values of f obtained along
the grid surface emanating from the wing leading edge (I =
ILE) are averaged to produce a single unique value of f at
this location. Next, as summarized in step 2, the correction
array is obtained by local iteration at the wing leading edge.
(Several versions of the leading-edge local iteration algorithm
have been implemented and produce about the same results in
terms of convergence ef� ciency. For brevity only one is

presented.) This is achieved by alternate implementations of
sweeps 2 and 3 at i = ILE, ILE 6 1. After the leading-edge
correction is obtained, the remaining corrections in the three-
dimensional � eld are obtained by sweeping the sweep 2/3
combination away from the leading edge on both the upper
and lower wing surfaces. At the wing trailing edge the upper
and lower sweep 3 matrix inversions are combined into a
single inversion, thus providing the maximum amount of im-
plicitness for the iteration scheme downstream of the trailing
edge.

Chimera-Induced Iteration Scheme Modi� cations

For chimera multizone applications the iteration scheme de-
scribed earlier [e.g., by Eq. (13)] must be modi� ed by includ-
ing the traditional IBLANK array. This is accomplished as
follows.

Sweep 1:

®
n 2 n(a 2 IB d R ) f = IB a vLf (18a)i, j,k j i i, j,k i, j,k i, j,k

Sweep 2:

® ¬
n n 2 n(a 2 IB d S d )g = f 1 IB a C (18b)i, j,k h j h j,k i, j,k i, j,k i2 1, j,k

Sweep 3:

® ¬
n n(a 2 IB d T d )C = g (18c)i, j,k z k z i, j,k j,k

where IB is the IBLANK integer array. This quantity is equal
to one for all grid points that are activated or located inside
the � ow domain. Inactive grid points, e.g., grid points that lie
inside a portion of the geometry and therefore outside of the
� ow domain, are assigned a value of zero. The computational
algorithm is implemented at all points, but only the IB = 1
points produce a meaningful solution. The in� uence of all
blanked out points, i.e., points with IB = 0, is removed by the
IBLANK array. For grid points that lie outside the � ow domain
the AF2 scheme given earlier simply reduces to

nC = 0i, j,k

Chimera boundary conditions at grid-to-grid zonal interfaces
are implemented using trilinear interpolation, which are up-
dated after every iteration. This is the same type of iterpolative
interface employed in typical Euler or Navier­ Stokes formu-
lations utilizing the chimera approach. That is, both approaches
utilize trilinear interpolation on the scheme’s dependent vari-
ables. For the present full-potential formulation, the velocity
potential is used, and typically for the Euler/Navier­ Stokes
approach the standard conserved variables in the Q vector are
used. Because the velocity potential is a very well-behaved
function, i.e., it is continuous across shock waves (whereas the
Euler/Navier­ Stokes Q-vector variables generally are not), in-
terpolation of this function is also well behaved. However,
most important quantities in � uid dynamics and aerodynamics,
e.g., density, pressure, velocity, are only obtained from the
velocity potential by taking derivatives. Because numerical dif-
ferentiation is an error-aggravating process, it is expected that
some error ampli� cation may exist along interface boundaries
for variables such as pressure and velocity.

In constructing the difference scheme for the full-potential
equation care must be taken to avoid computational stencils
that overlap from the interior grid points past the interpolated
fringe points and into a region of the grid that is blanked out.
One example of where this occurs in the present scheme is in
the calculation of density in the h-direction � ux, namely,

. Normally this value of density is computed from theri, j11/2,k

density array (with values stored at 1 1/2, j, k) using ai
standard average given by

1­r = (r 1 r 1 r 1 r )i,j11/2,k 4 i1 1/2, j,k i21/2,j,k i1 1/2, j1 1,k i21/2, j11,k

(19)



HOLST 417

Table 1 Summary of grid statistics for the two-zone
chimera grid re� nement study

Case
no.

Grid dimensions

NI1
NI2

NJ1
NJ2

NK1
NK2

Total surface
points

Total
points

G2L2 101 23 9 1445 39,185
37 19 26

G2L3 151 32 13 3175 115,066
55 25 38

G2L4 201 41 17 5577 260,547
73 33 50

G2L5 251 50 21 8651 494,872
91 41 62

Fig. 2 Expanded view of a typical two-zone grid in the wing
planform plane, z = 0.0, inner grid: 151 3 32 3 13, outer grid:
73 3 33 3 50.

Fig. 1 Expanded view of a typical two-zone grid in the wing root
plane, y = 0.0, inner grid: 151 3 32 3 13, outer grid: 73 3 33 3
50.

At the h-direction � ux that occurs directly between a fringe
point and an interior point, values of and arer ri2 1/2, j,k i11/2,j,k

not computable with the standard interior scheme. Instead,
fringe values of the density are established from interior values
using one-sided, � rst-order extrapolations. Then, the standard
formula given by Eq. (19) is implemented in the usual way.
Additional schemes for computing the density at fringe points
that are second-order accurate are available but have not been
used to date.

Care must be exercised when performing donor cell searches
for fringe points that lie on the vortex sheet. This is because
the x, y, and z coordinates for a particular fringe point on the
upper side of the vortex sheet exactly match those of the cor-
responding lower point, i.e., either of these vortex-sheet points
could end up � nding a donor cell on the wrong side of the
vortex sheet. The donor cell search algorithm must be modi� ed
so that only cells above the vortex sheet are searched for upper
vortex-sheet fringe points and only cells below the vortex sheet
are searched for lower vortex-sheet fringe points.

Numerical Results
Problem Setup and Grid Arrangement

To evaluate the attributes of the new chimera approach for
solving the full-potential equation the familiar ONERA M6
wing geometry is chosen. The two-zone chimera grid chosen
for this evaluation consists of an inner C­ H grid embedded in
an outer Cartesian-like grid (see Figs. 1 and 2). The Cartesian
grid is sheared so that one of the grid planes is aligned with
the wing leading edge and another with the wing trailing edge.
In addition, the Cartesian grid is clustered in all three direc-

tions (streamwise, spanwise, and vertical) in the vicinity of the
wing. These shearing and clustering operations provide a more
consistent interface at the inner chimera interpolation bound-
ary. For the present isolated-wing test case, both the inner and
outer grids are constructed such that each h = constant surface
is also a y = constant plane. This aspect is used to simplify
the donor cell search algorithm, but not the � ow solver or
chimera interpolation schemes, which are fully general three-
dimensional implementations.

All C­ H grids used in this study are generated using the
HYPGEN hyperbolic grid generation code15 with full three-
dimensional capability. Then after the grid is generated, the h
= const surfaces are adjusted to achieve the desired constant
y-plane distributions. Figures 1 and 2 show selected views
from a typical two-zone grid generated in this fashion about
the ONERA M6 wing. Figure 1 shows a close-up of both the
inner C­ H and outer Cartesian grids plotted in the wing-root
symmetry plane. The inner grid is not orthogonal as one would
expect with a hyperbolic grid generation technique because of
a large amount of smoothing used in the grid generation pro-
cess. Both inner and outer chimera interface boundaries are
displayed. The outer interface boundary is located about 0.46
root chords upstream of the wing root leading edge, and about
0.86 root chords above and below the wing trailing edge. Note
that the outer Cartesian grid is somewhat coarser than the inner
C­ H grid. This produces a somewhat larger truncation error
on the Cartesian side of the interface boundary, a characteristic
that will be particularly noticeable near all high-frequency
components of the solution, particularly shock waves. Figure
2 shows both grids plotted around the wing in a planform view
where the y = constant plane character is clearly evident. The
outer Cartesian grid shearing and stretching and the inner C­ H
grid clustering at the wing tip are also clearly visible.

Grid Re� nement Study

A grid re� nement study for the ONERA M6 wing geometry
is described next utilizing the four grids de� ned in Table 1. In
each case the inner and outer grid dimensions are given by
NI1 3 NJ1 3 NK1 and NI2 3 NJ2 3 NK2, respectively. The
� rst dimension (either NI1 or NI2) is the number of grid points
in the wraparound or streamwise direction; the second dimen-
sion (NJ1 or NJ2) is the number of points in the spanwise
direction; and the third dimension (NK1 or NK2) is the num-
ber of points in the normal-like direction. The total number of
points ranges from just under 40,000 to just under 500,000.
The number of points de� ning the wing surface ranges from
1445 to 8651. Each grid in the grid re� nement study utilizes
the same grid distribution in each direction. The second-coars-
est grid from Table 1 (case G2L3) is identical to the grid pre-
sented in Figs. 1 and 2.

Selected chordwise pressure coef� cient distributions are pre-
sented in Fig. 3 at two different semispan locations, 2y/b =
0.44 and 0.95. In each plot solutions generated using the sec-
ond-order scheme on all four grids described in Table 1 are
compared with experimental results from Ref. 16. The � ow
conditions for this standard case (M` = 0.84, a = 3.06 deg),
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Fig. 3 Pressure coef� cient comparisons at selected semispan wing
stations showing the effect of grid re� nement (two-zone chimera sec-
ond-order scheme); ONERA M6 wing, M` = 0.84, a = 3.06 deg; see
Table 1 for grid de� nitions; 2y/b = a) 0.44 and b) 0.95.

Fig. 4 Mach number contours on the upper surface of the ONERA
M6 wing showing the effect of grid re� nement; two-zone chimera
second-order scheme; M` = 0.84, a = 3.06 deg; see Table 1 for grid
de� nitions; a) coarse grid (G2L2) and b) � nest grid (G2L5).

Fig. 5 Pressure coef� cient comparisons between the single-grid
hybrid, two-zone hybrid, and two-zone, second-order schemes;
ONERA M6 wing, 2y/b = 0.44, M` = 0.84, a = 3.06 deg.

produce a rather benign � ow� eld with a moderate-to-weak
shock wave system and only a small amount of shock/bound-
ary-layer interaction. As can be seen from Fig. 3 most of the
solution variation affected by grid re� nement is associated
with the supersonic � ow domain (all values of 2Cp above
0.3269). The shocks get sharper and the pressure minimums
are more well de� ned as the grid is re� ned. The largest solu-
tion variation associated with the grid re� nement process is at
2y /b = 0.95. This is most likely a direct result of the approx-
imate treatment of the wing-tip geometry. The entire wing-tip
region between 2y/b = 0.95 and 1.00 is represented by less
than two grid cell widths in the span direction for the coarsest
grid. Thus, as the grid is re� ned in this relatively high gradient
region the solution improves remarkably.

Another more qualitative technique for showing the effects
of grid re� nement on solution accuracy is shown in Fig. 4,
where Mach number contours are displayed for the ONERA
M6 wing upper surface. These contours were generated using
the PLOT3D plotting program17 with contours plotted in 0.025
increments. A contour plot is displayed for the coarsest (Fig.
4a) and � nest (Fig. 4b) grids described in Table. 1. Evolution
of the solution with grid re� nement, in particular, the upper-
surface shock system, is clearly evident. The supersonic-to-
supersonic oblique shock is the most noticeable feature that
forms and sharpens as the grid is re� ned. Additional grid re-
� nement results using the base hybrid scheme for both the
single- and two-zone-chimera approaches are presented in
Refs. 18 and 19.

Hybrid/Second-Order and Single/Two-Zone
Scheme Comparisons

In this section differences in accuracy between the hybrid
and second-order differencing schemes and between the sin-

gle- and two-zone chimera approaches are examined. Chord-
wise pressure coef� cient distributions over the ONERA M6
wing for three different computations (single-grid hybrid, two-
zone hybrid, and two-zone second-order) are compared with
experimental results in Fig. 5. For brevity, these comparisons
are presented at only one semispan station: 2y/b = 0.44. Both
two-zone results utilize the G2L4 grid described in Table 1.
The single-zone results presented in Fig. 5 utilize a C­ H to-
pology, HYPGEN-generated grid with a wing surface point
distribution identical to that of the G2L4 grid. This single-zone
grid is topologically identical to the inner C­ H grid shown in
Figs. 1 and 2. However, the outer boundaries are extended
(with additional grid points in the j and k directions) to ap-
proximately match the Cartesian-grid outer boundary locations
in the two-zone grid.

As can be seen in Fig. 5, results from the single- and two-
zone hybrid solutions are nearly identical, i.e., the effect of the
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Table 2 Summary of computational statistics for the two-zone, chimera-grid full potential
results displayed in Figs. 3 and 4, ONERA M6 wing, M` = 0.84, a = 3.06 dega

Case
no. CL CD CM nLIFT tLIFT, s nRav tRav, s tO/H, s

Hybrid scheme

G2L2 0.2839 0.0103 20.1653 96 3 224 8 2
G2L3 0.2880 0.0106 20.1683 160 11 176 13 5
G2L4 0.2910 0.0108 20.1705 208 26 224 28 10
G2L5 0.2923 0.0109 20.1715 288 66 256 58 18

Second-order scheme

G2L2 0.2892 0.0113 20.1678 128 4 176 6 2
G2L3 0.2916 0.0111 20.1696 160 11 224 16 5
G2L4 0.2937 0.0112 20.1713 272 34 288 36 10
G2L5 0.2944 0.0112 20.1720 384 87 400 91 18
a
Computer times are from a single processor Cray C-90 computer.

Fig. 6 Convergence history comparisons between the hybrid-sin-
gle-zone, hybrid-two-zone, and second-order, two-zone schemes;
ONERA M6 wing, M` = 0.84, a = 3.06 deg.

chimera interface located less than one-chord away from the
wing surface has a negligible effect on the wing surface so-
lution. Agreement between the hybrid solutions and the sec-
ond-order solution is excellent at all subsonic locations of the
� ow, i.e., on the entire lower wing surface and on the upper
wing surface at and aft of the normal shock wave. Agreement
between the hybrid and second-order results in the supersonic
region (as expected) is not as good. The forward shock, which
is a supersonic-to-supersonic oblique shock, is smeared out by
the hybrid scheme and captured more accurately by the sec-
ond-order scheme. Generally, the computational/experimental
agreement is quite good everywhere except at the normal
shock wave where some disagreement in strength and position
exists. This disagreement, typical of a full-potential/experi-
mental transonic � ow comparison, is primarily caused by a
lack of viscous � ow modeling and to the isentropic assumption
inherent in the full-potential formulation.

Convergence Ef� ciency

Convergence history results are presented showing the effect
of several factors on convergence ef� ciency. Figure 6 shows
a plot of maximum residual, average residual, and the lift co-
ef� cient as a function of iteration for the single-zone hybrid,
the two-zone hybrid, and the two-zone, second-order schemes.
Each simulation used the grid described in the previous sec-
tion. The solution parameters [mainly aL, see Eq. (12)] have
been optimized by a trial-and-error process for all of these
solutions. Each symbol in Fig. 6 represents 16 iterations in the
convergence history for each solution. This corresponds to two
complete applications of the a sequence, which for all cases
presented herein contained eight elements, i.e., M = 8 [see Eq.
(12)].

As can be seen from Fig. 6, convergence ef� ciency com-
parisons are dependent on which convergence criteria is used.
In terms of lift convergence, the single-zone hybrid scheme
converges the fastest, being about 1.6 times faster than the
two-zone hybrid scheme and about 2.1 times faster than the
two-zone, second-order scheme. In terms of maximum residual
the single- and two-zone hybrid schemes converge at about the
same rate, both being about 1.4 times faster than the two-zone,
second-order scheme. These ef� ciency comparisons utilize the
number of iterations required to achieve the desired conver-
gence criteria. When computer time is used, the situation
changes somewhat because each single-zone iteration requires
about 35% more computer time than a two-zone iteration. This
is because the single-zone grid requires about 35% more grid
points than the two-zone grid to match the same surface dis-
tribution, i.e., the two-zone grid distributes points more ef� -
ciently than the single-zone grid.

A more quantitative picture of convergence ef� ciency is pre-
sented in Table 2, which contains iteration count and CPU
timing information for the two-zone hybrid and two-zone, sec-
ond-order schemes. Results are presented for all four grids
described in Table 1. No attempt has been made to optimize
convergence for these cases (except for the G2L4 grid cases
already presented in Fig. 6). All computer timings are from a
Cray C-90 computer using level 3 optimization for the inline,
vector, and scalar options of the cf77 compiler. For complete-
ness, lift, drag, and pitching moment coef� cient values are
displayed for each scheme and for each grid described in Table
1. The � ve other quantities displayed in Table 2 are related to
convergence/execution ef� ciency and are de� ned as follows:
nLIFT is the number of iterations required to achieve lift to
within 60.1% of the � nal value; tLIFT is the computer time
required for nLIFT iterations; nRav is the number of iterations
required to achieve an average residual level of 102 8; tRav is
the computer time required for nRav iterations; and tO/H is the
computer time required for solution overhead. The overhead
time corresponds to grid generation, solution initialization, do-
nor-cell search, interpolation coef� cient computation, metric
computation, and PLOT3D input � le generation. As estab-
lished in Fig. 6, there is a moderate degradation in convergence
ef� ciency for the second-order scheme relative to the hybrid
scheme for most of the grids utilized and for both the lift and
average residual convergence criteria. In general, there is also
a degradation in convergence ef� ciency with grid re� nement.
Nevertheless, solution times are quite modest, ranging from 3
to 91 s. On the G2L4 grid, a solution is obtained in 26­ 28 s
for the hybrid scheme and in 34­ 36 s for the second-order
scheme.

Outer-Grid Re� nement Study

The effect of outer grid re� nement on solution accuracy for
the two-zone chimera approach is presented in Figs. 7 and 8.
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Fig. 7 Mach number contours about the ONERA M6 wing in
the wing root symmetry plane; M` = 0.84, a = 3.06 deg, inner
grid = 151 3 32 3 13, outer grid = 37 319 3 26.

Fig. 8 Mach number contours about the ONERA M6 wing in
the wing root symmetry plane; M` = 0.84, a = 3.06 deg, inner
grid = 151 3 32 3 13, outer grid = 157 3 65 3 90.

Fig. 9 Surface pressure coef� cient comparison between the
coarse outer grid result of Fig. 7 and the � ne outer grid result of
Fig. 8; ONERA M6 wing, 2y/b = 0.44, M` = 0.84, a = 3.06 deg,
inner grid = 151 3 32 3 13.

Mach number contours are displayed in the wing root sym-
metry plane for a coarse outer grid involving 37 3 19 3 26
points (Fig. 7) and for a very � ne outer grid involving 157 3
65 3 90 points (Fig. 8). In each of these cases the inner grid
is � xed at 151 3 32 3 13 points. In these � gures contours
from both the inner and outer solutions are plotted. The outer
boundary location is � xed in the same location for both cases.
However, the inner interface boundary is dependent on the
outer grid re� nement level and, thus, is somewhat closer to
the wing surface for the � ne outer grid case. For the coarse
outer grid case (Fig. 7) the discrepancies between the inner
and outer solutions at the inner grid interface are pronounced,
particularly at the shock wave where the outer grid is not � ne
enough to support such solution detail. For the � ne outer grid
case (Fig. 8) the discrepancies are much smaller, particularly

at the shock wave where the inner and outer grids have about
the same streamwise grid spacing. Careful examination of the
Mach number contours near the wing surface from the two
inner grid solutions shows no discernible differences. In other
words, the level of outer grid re� nement plays a dramatically
small role in determining solution accuracy at the wing sur-
face. To accentuate this latter point, the surface pressure co-
ef� cient distributions from the two solutions displayed in Figs.
7 and 8 are compared in Fig. 9. Both results are almost iden-
tical. This implies that good surface aerodynamic results can
be obtained with the present full-potential chimera approach
more cost effectively using � ne-inner/coarse-outer chimera
grid systems. Of course, when interior � ow details are required
at distances moderately far removed from the aerodynamic sur-
faces, the � ne-inner/coarse-outer grid philosophy may not be
appropriate. But it is interesting to note that for the two almost-
identical results presented in Fig. 9, the coarse-outer grid so-
lution required about 10 times less computer time than the � ne-
outer grid solution.

Concluding Remarks
A new solution technique for solving the full-potential equa-

tion has been presented and evaluated using a standard three-
dimensional transonic wing computation. The scheme has
three new features including a spatial discretization scheme
based on a solution limiter concept, a modi� ed AF2 iteration
scheme that is speci� cally designed for C-grid topologies, and
a chimera-based zonal-grid implementation that will (eventu-
ally) allow complex geometry analysis. Numerous numerical
results have been presented including a grid re� nement study
to fully demonstrate the new scheme’s capabilities. The results
indicate that the new algorithm is a viable technique for solv-
ing the full-potential equation and could provide a very fast
and ef� cient computational tool for the aerodynamic analysis
and design of geometrically complex aerodynamic con� gura-
tions. Additional speci� c concluding remarks are given as fol-
lows:

1) The spatial discretization scheme has a traditional hybrid
option, which is second-order accurate in subsonic regions of
� ow and � rst-order accurate in supersonic regions, and a new
option that is fully second-order accurate regardless of � ow
type. The new second-order scheme utilizes a solution limiter,
somewhat similar to Euler � ux limiters, to maintain stable op-
eration at shock waves and other solution extrema.

2) The second-order spatial discretization scheme is less
computationally ef� cient than the hybrid scheme requiring
30­ 40% more iterations for a converged solution, but more
accurate in supersonic regions of � ow, particularly in terms of
supersonic-to-supersonic shock wave capture.

3) The new iteration scheme utilizes two different AF2-
scheme variations; one above the wing and the other below
the wing, and connects the two at the wing leading edge using
a local iteration. This special design removes (or at least con-
trols) a stability limitation that exists in other implementations
of this scheme and allows this implementation to be ef� cient
for C-grid topologies.

4) Existence of the explicit chimera-interface boundaries
causes only a moderate degradation in convergence ef� ciency,
which can be largely compensated for by using more ef� cient
� ne-inner/coarse-outer zonal grid systems.

5) Numerical comparisons between single- and two-zone so-
lutions demonstrate that the chimera interface has a negligible
impact on solution accuracy at the wing surface, even when
shocks pass through the chimera interface boundary. Further
two-zone chimera comparisons between coarse- and � ne-outer
grid cases demonstrate that the outer grid re� nement level has
an almost negligible impact on wing surface solution accuracy.
This suggests that good aerodynamic accuracy can be obtained
at a fraction of the cost by using � ne-inner/coarse-outer grid
systems.
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